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A way to pose the entropic uncertainty principle for trace-preserving super-operators is presented. 
It is based on the notion of extremal unraveling of a super-operator. For given input state, different 
effects of each unraveling result in some probability distribution at the output. As it is shown, 
all Tsallis' entropies of positive order as well as some of Renyi's entropies of this distribution are 
minimized by the same unraveling of a super-operator. Entropic relations between a state ensemble 
and the generated density matrix are revisited in terms of both the adopted measures. Using Riesz's 
theorem, we obtain two uncertainty relations for any pair of generalized resolutions of the identity in 
terms of the Renyi and Tsallis entropies. The inequality with Renyi's entropies is an improvement 
of the previous one, whereas the inequality with Tsallis' entropies is a new relation of a general 
form. The latter formulation is explicitly shown for a pair of complementary observables in a d-level 
system and for the angle and the angular momentum. The derived general relations are immediately 
applied to extremal unravelings of two super-operators. 
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I. INTRODUCTION 

Since the famous Heisenberg's paper [l| had been published, uncertainty relations are the subject of long researches 
0, Q. A new interest was stimulated by recent advances in quantum information processing. There are two well- 
known approaches to formulating the uncertainty principle. The first was initiated by Robertson Q who showed 
that a product of the standard deviations of two observables is bounded from below. Here we may run across 
some disputable topics such as the number-phase case [5|. Both the well-defined Hermitian operator of phase and 
corresponding number-phase uncertainty relation have been fit within the Pegg-Barnett formalism [6|. The second 
approach is generally characterized by posing the uncertainty principle via information-theoretic terms especially via 
entropies [1, Q. Although the first relation of such a kind was derived by Hirschman a general statement of 
the problem is examined in the papers [13, UH- Mutually unbiased bases [13, El], the time-energy case [l^l and 
tomographic processes [Tt} have been considered within an entropic approach as well. 

The most of known uncertainty relations deals with observables or, more generally, with POVM measurements. 
Nevertheless, there exist relations for unitary transformations [l2| and non- Hermitian annihilation operator [isl. 
Both the measurement and unitary evolution are rather simplest types of a state change in quantum theory jl8|. 
The formalism of quantum operations, or super-operators, is now a standard tool for treating quantum processes. In 
the present work, we address a question how to formulate the uncertainty principle for super-operators. It turns out 
that one of possible ways is naturally provided with the notion of extremal unraveling of a super-operator. For the 
Shannon entropy, this notion was examined in [l9| . As an entropic measure, we will use the Tsallis entropy, which 
has found use in various physical problems (see references in [l^]), and the Renyi entropy. 

The paper is organized as follows. In Section [Hi the properties of the Tsallis entropies and super-operators are 
recalled. For given input state and super-operator, we find the extremal unraveling that minimizes all the Tsallis 
entropies simultaneously. Relations between the ensemble entropy and the entropy of a generated density matrix are 
revisited. In Section [llll we derive the uncertainty relation for two generalized resolutions of the identity in terms of 
Tsallis entropies. The previous result on the Renyi entropies is refined. The obtained entropic relations are directly 
used for the extremal unravelings of two super-operator. Section ITVl concludes the paper with a summary of results. 



II. TSALLIS' ENTROPIES AND EXTREMAL UNRAVELINGS 



First, we briefly recall the definitions of used entropic measures (for a discussion and further references, see [21|). 
For real a > and a ^ 1, we define the non-extensive a-entropy of probability distribution {p,} by (22j 

HM = ii-c^r'{J2,p?^i) ■ (2.1) 

This can be rewritten as Ha{pi) = -~^iPf^^aPi, where Iuq, a; = — l)/(l — a) is the a-logarithmic function, 

defined for a > 0, a ^ 1 and a; > 0. The quantity (|2.ip will be referred to as "Tsallis a-entropy", though it was 
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previously discussed by Havrda and Charvat [23| . In the limit a — ^ 1 , In^ x \nx and the quantity (12. ip recovers 
the Shannon entropy. We will also use the Renyi a-entropy defined for a ^ 1 as |24] 

RM^{l~a)-Hn(j2,pf) . (2.2) 



The Renyi a-entropy also coincides with the Shannon entropy in the limit a — > 1. There are many various forms of 
extrapolation between different entropies 25] . We will only need in the equality 

RM = (1 - a)-i Inf 1 + (1 - a)HM) , (2.3) 



which immediately follows from the definitions (|2.ip and (|2.2p . 

In the following, some notation of linear algebra will be used. Let H be finite-dimensional Hilbert space. For given 
two vectors iI'tV £ ^) their inner product is denoted by {ip ,ip). For two operators X and Y on "H, we define the 
Hilbert-Schmidt inner product by [26| 

(X,Y)hs = tr(XtY) . (2.4) 

1 /2 

This inner product naturally induces so-called Frobenius norm ||X||i. = (X,X)^,^^ The Frobenius norm can be re- 

/ \l/2 . 

expressed as ||X||i? = \ J2j^''jO^)^) i where the singular values Sj{X) are eigenvalues of |X| — vXtX. The largest 
singular value of X gives the spectral norm ||X||oo of this operator j26| . 

A quantum measurement is described by a " generalized resolution of the identity" (or by a " positive operator- valued 
measure"). This is a set {M^} of positive semidefinite operators obeying the completeness relation = I, where 

I is the identity \2T]. Consider a linear map $ that takes linear operators on V, to linear operators on Ti' , and also 
satisfies the conditions of trace preservation and complete positivity. Followin g i28il , this map will be referred to as 
"super-operator". Each super-operator has a Kraus representation, namely jlSl. l28l| 

$(p) = ^A,pAl, (2.5) 

where the Kraus operators A^ map the input space H to the output space H' and obey aJa^ — I (the preservation 
of the trace). Representations of such a kind are never unique [26|. For given super-operator $, there are many sets 
A = {Ai} that enjoy (|2.5p . In the paper [19], each concrete set A = {A^} resulting in (|2.5p is called an "unraveling" 
of the super-operator $. This terminology is due to Carmichael [19] who introduced this word for a representation of 
the master equation. It is well-known that two Kraus representations of the same super-operator are related as 
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where the matrix U = [[uij]] is unitary [28| . [We assume in (12. 6p that unravelings A and 23 have the same cardinality 
by adding zero operators, if needed.] For given density operator p and super-operator unraveling A = {Aj}, we 
introduce the matrix 

n{A\p) ^ m^,A,^)^s]] ^ [[tr(AtA,p)]] . (2.7) 

The diagonal element pi = tr(A|^ A^p) is clearly positive and gives the ith effect probability. Then the entropies Ha {A\p) 
and Ra{A\p) are merely defined by (|2.ip and (|2.2p respectively. By definition, the matrix n(yi]p) is Hermitian. Suppose 
that the two sets A = {A^} and 23 — {Bj} fulfill (|2.6p . Using the properties of the inner product, we have 

{Bi^/p,Bk^/p)hs = y2.u*nUik {Aj^,Ai^)hs , (2.8) 

or n(23]p) — LJt n(yi]p) U as the matrix relation. That is, if the sets A and 23 are both unravelings of the same 
super-operator then the matrices n(yi]p) and n(23]p) are unitarily similar. Due to Hermiticity, all the matrices of 
a kind n(yi]p) assigned to one and the same super-operator are unitarily similar to a unique (up to permutations) 
diagonal matrix D — diag(Ai, A2, . . .), where the A^'s and perhaps zeros are the eigenvalues of each of these matrices. 
So any n(yi]/9) is positive semidefinite. 

For given unraveling A — {\}, we obtain the concrete matrix n(7l]/9) and diagonalize it through a unitary trans- 
formation N/t n(yi]p)V — D. Let us define a specific unraveling A^p'^^ related to given A as 

a!^^^ = A. V,. , (2.9) 

where the unitary matrix V diagonalizes n(yi]/3). It turns out that the unraveling (12. 9p enjoys the extremality property 
with respect to all the Tsallis a-entropies for a e (0; c») and the Renyi a-entropies for a € (0; 1). 
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Theorem II. 1. For given density operator p and super- operator %, each unraveling A of the $ satisfies 

H^{A^;^\p) < H^{A\p) V a e (0;oo) , (2.10) 
i?a(4'"V) < Ra{A\p) V a e (0; 1) , (2.11) 

where the extremal unraveling A^p^"^ is defined by the formula i2.9\) . 

Proof We firstly note that □(^Lp'^^^jp) = D with the probabilities Xj of effects. In view of n(yi|p) = VDV^, the 
probabilities Pi = tr(A|Ai/9) of different effects of the unraveling A is related to the Xj's by 

Pi = J2j J2j ^3 ' "^^-l^) 

where Sij — Vij v*y The matrix S = [[sij\] is unistochastic, whence Sij — 1 for all j and Sij = 1 for all i. We 
now use these relations and an obvious fact that for a > the function ha{x) = (a;" — a;) /(I — a) is concave in the 
range x € [0; 1]. According to Jensen's inequality (see, e.g., the book [l^), there holds 

H^{A\p) = E>4E ^ E E ^"(^^■) = E ^o.{X,) = H^{A<f^Hp) . (2.13) 

This completes the proof for (j2.10p . Further, we note that for a < 1 the function (1 — a)^^ ln(l + (1 — a) x) is 
increasing in the range x G [0; oo). Combining the equality (|2.3p with (|2.10p then gives (|2.1ip . □ 

For the Shannon entropy, a problem of "minimal" unraveling was considered in [31] and later in 19]. Diagonalizing 
the matrix n(yilp) is actually equivalent to the extreme condition that has been derived by the method of Lagrange's 
multipliers in [19] . Latter reasons local in spirit are quite complemented by the above proof based on the concavity. 
Our treatment allows to find the extremal unraveling easily from (j2.9p . Thus, for prescribed state p all the Tsallis 
entropies of order a € (0; oo) and the Renyi entropies of order a G (0; 1) are minimized by one and the same unraveling 
of given super-operator. However, this unraveling does not minimize other Renyi entropies in general. An unraveling 
extremal with respect to Renyi's entropy of order a > 1 may also be dependent on a. A search for such an unraveling 
seems to be difficult since Renyi's entropy of such an order is not purely convex nor purely concave. 

The relations (|2.10p and (|2.1ip can be put in the context of a state ensemble having a prescribed density operator. 
In line with ()2.ip and (|2.2p . we introduce the quantum Tsallis and Renyi entropies of a density matrix p by 

H„(p) ^ (1 - a)-Hr{p^ - p) , R„(p) ^ (1 - a)-^ ln(tr(p")) . (2.14) 

In the limit a — 1 both the expressions coincides with the von Neumann entropy —tr(^p\n p) . Let {pi,^p^} be an 
ensemble of normalized pure states, {xp^ = 1 and X^iPi ~ 1' that leads to the density operator p, namely 

p, ^l=p = V, • (2.15) 

In general, the states ip^ are not mutually orthogonal. The right-hand side of p.lSp poses the spectral decomposition 
of p, so that the vectors ip^ form an orthonormal basis in %. The ensemble classification theorem says that [32| 



for some unitary matrix [[m^]]. It follows from (|2.16p and (yj^- , yj^.) — 5jk that pi = Aj, where Sij — u*jUij are 

elements of a unistochastic matrix. Changing notation in the formula p.l3p appropriately, we finally get 

= H^iXj) < HM (0<a), Ra^ip) = RciXj) < RM (0 < a < 1) . (2.17) 

In the limit a -> 1, both the inequalities are reduced to — tr(yolnyo) < Hi{pi). The last is a known relation between 
the von Neumann entropy of the generated density operator and the Shannon entropy of an ensemble [ssl ] . For the 
Tsallis entropies this result can be proceeded to ensembles of mixed states. Let an ensemble {pi,(jJi\ of normalized 
density operators, tr(a;i) — 1 and '^.^Pi — 1, give rise to a density operator 

P^^.Vi'^% = ^..V%Vtj , (2.18) 



4 



where the spectral decomposition uji = J2j ^ij Vij vlj • Applying the first inequality of (I2.17|) to the right-hand side 
of (|2?T8l) . we have 

Ha {p)<-^ Ptvfj ln„ {p,V,j ) = - 51 P'^^^O (^^" + Pr) = - ^P'iYl ^^J "'3 ~ ^ Pf Pt ■ 

ij ij i j i 

Here we used the identity \iia(xy) = In^ y + y^^" In^ x. Adding a consequence of concavity of the function ha{x) = 
(x" — — a), we finally write 

J2^Pril^iL^,) <R^{p) <J2^P?ti^i^,) + HM ■ (2-19) 

The inequality on the left can be shown as follows. For any concave function f{x), the functional tr(/(X)) is also 
concave on Hermitian X (for details, see section III in [s^l)- We further note that ila{p) = tr(/iQ(p)). In the limit 
a — )■ 1, the inequalities (12.191) are reduced to the well-known bounds on the von Neumann entropy of a state mixture 
(for instance, see [1^). It seems that such a treatment fails in the case of Renyi's entropies. Indeed, the Tsallis 
a-entropy does enjoy so-called strong additivity of degree a, whereas the Renyi a-entropy does not (2]| . 



III. ENTROPIC UNCERTAINTY RELATIONS 

To obtain entropic relations, we will use a version of Riesz's theorem (see theorem 297 in the book "s^). 

Let X e C" be n-tuple of complex numbers Xj and let T = [[iy]]. Define r/ to be maximum of i.e. 

rj = max{|t.y I : l<«<m, l<j< n}. The fixed matrix T describes a linear transformation C" — >■ C™. That 
is, to each x we assign m-tuple y e C™ with elements 

En 
^^^Uj Xj (i = 1,...,to) . (3.1) 

For 6 > 1, the lb norm of vector x is ||x||;, = {Y^j ■ For (3 > 1/2, we use a like function ||q||^ ~ Ij^j Ij) of 

probability distribution q = {qj}, though it is not a norm for /3 < 1. Riesz's theorem is formulated as follows. 

Lemma III.l. Suppose the matrix T satisfies ||y||2 < ||x||2 for all x e C", 1/a + 1/fe = 1 and 1 < b < 2; then 

llvlla < ^('-"^/'llxllb . (3.2) 

We will now obtain an improved version of the statement emerged in the paper [35j . To each generalized resolution 
Ai — {Mi} and given mixed state p, we assign the probabilistic vector p = {pi} with elements pi = tT{Mip) = 

1 1 1 /2 1 1 2 111 /2 1 1 2 

||M,-' Another resolution A/" = {Nj} is assigned by the vector q with elements qj = tT{Njp) = ||N^- -yp||_F- 

Lemma III. 2. For any two resolutions A4 ~ {M^} and J\f — {Nj} of the identity and given density operator p, there 
holds 

||p|U<5(A^,AA|p)2(i-«/^|lq|l^ , (3.3) 
where 1/a +1/^ — 2, 1/2 < /3 < 1 and the function g{A4,Af\p) is defined by 

g{M,Af\p) ^ max{(p,g,)-i/2 |tr(M,N,p)| : p, ^ 0, ^ o} . (3.4) 

Proof We first consider the case when both the resolutions Ai = {Mi} and J\f — {Nj} are orthogonal. For those 
values of labels i and j that satisfy tr(Mip) 7^ and tr(Njp) 7^ 0, we put (generally non-Hermitian) operators 

uj, ^ \\M,^\\p' M,^ , 0j = ||N,VpIIf'NjVp- (3-5) 

It is clear that Hi^iHf = 1 and ||6'j||F = 1- Since the resolutions {M^} and {Nj} are orthogonal, we further have 
{uji ,uJk)hs = Sik and {0j , 9k)hs = ^jk- The matrix elements of transformation T are then defined by 

t,, = {uj^,9j)i,s - ||M,Vp|lF'l|NjVPllF'(M*VP.N,Vp)hs . (3.6) 
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We now rewrite p.ip as yi{x) = {uJi,a)hs, where a = ^jXjOj by definition. Due to |lcr|l|. = X^i l^jP ^^'^ ^ 



'^iVi^i + where {uJi,w)hs = for all i, we have yi'^illf' — II'^'IIf the precondition of Lemma IIII.ll 
herewith. So we apply <\3.2\i to the special values = UMiy^Hi? and x'^ = ||Nj^||j;-. By the completeness relation, 

whence = ' ^j)hs x'j, i.e. the values yl are related to x'^ via the transformation T too. Since the operators 

and Nj are projective, pi — and qj ~ \x'j\'^, whence ||p||q = ||y'||^ and ||q||^ = ||x'||^ with a — a/2, (3 — h/2. The 

statement of Lemma IIII.ll then results in the inequality IIpH^^ < max|(wi , 0j)hsP^^^^^ 11^11^^! under the conditions 
1/a + 1//3 = 2 and 1/2 < /3 < 1. Noting that the maximum of modulus of (13. 6p is actually g{M,M\p), we resolve the 
case when the resolutions and are both orthogonal. To generalize p.3p to the case of arbitrary two resolutions, 
we will use the method proposed in and further developed in jsH]. In the extended space H(BJC, the resolutions M 
and are realized as new resolutions Ai and M respectively, and the Ai is now orthogonal by Naimark's extension 
(see, e.g.. Sect. 5.1 in [26|). It can be made in such a way that for any density matrix p on H, tr(Mip) = tr(Mip), 
tr(Njp) = tr(Njp), and tr(MiNjp) — tr(MiNjp) (the p is built from p by adding zero rows and columns). Hence we 
have the same values of entropies and g{A4,J^\p) = g{A4,J^\p). By a similar extension of A/", the question is 
quite reduced to the above case of two orthogonal resolutions. □ 

Using simple algebra (see the proof of proposition 3 in [s^), the inequality (|3.3p can be rewritten as 

R^iM\p) + Rp{N\p) > -2liigiM,M\p) . (3.7) 

For a pure state, this relation in terms the Renyi entropies coincides with the one deduced in the previous work [35| . 
With respect to the spectral decomposition p = J^x ^'^x'^\j '^^ define 

/(A^,AA|p) = max{(p(')(7fV^'l(M.t^;,,N,t^;,)| : V 0, 9^ V o} , (3.8) 

( X') II 1/2 ||2 ( X) II 1/2 ||2 

where the probabilities pl = ||M/ '0a||2 ^^'-^ 1j ~ 11'^/ ''^a||2- ^^'^ above inequality with J{Ai,N\p) instead of 
g{M,J\f\p) was obtained in [33. For an impure state, we have g{M,N\p) < f{M,N\p) and a stronger bound in 
(|3.7p . For canonically conjugate variables, the uncertainty relations in terms of Renyi's entropies were given in [37| . 

Let us proceed to a relation with the Tsalhs entropies. The sum Ha{pi) + Hp{qj) cannot be arbitrarily small because 
of the constraint p.3p . We rewrite this sum as 

+ Mlj) = ^it = + (3.9) 

1 — a 1 ^ P 

in terms of the variables ^ = X^iPf = IIpIIqi C = X]j 1j — Ihll^ ^^"^ the function (f>{^,C)- Assuming a > 1 > (3, we 
obviously have ^ < 1 and C > 1- Adding p.3p in the form C > 7^'^^", where 7 = g{Ai,Af\p)^'^^^^^\ we have arrived 
at a task of minimizing ^(^, C) under the above conditions. It is important here that g{Ai,J\f\p) < 1 and, therefore, 
7 > 1. Indeed, the Cauchy-Schwarz inequality for the Hilbert-Schmidt inner product directly shows that the modulus 
of (|3.6p does not exceed one. The task is solved in Appendix [XI and the sum Ha{pi) + Hpi^qj) cannot be less than 

n 7-°/^ - 1 g(A^,AA|p)^"(i-^)/^-l .g(X,AA|p)^("-i)-l / 

where we used (1 — P)/ jS — {a — l)/a due to l/a + 1//3 — 2. By g{M,N\p) = g{N,M\p), we claim the following. 

Theorem III. 3. For any two resolutions M = {M^} and M = {Nj} of the identity and given density operator p, 
there holds 

H^{M\p) + Hp{Af\p) > \n,,(^g{M,Af\p)-^) , (3.10) 

where l/a + 1/ /3 — 2 and p — max{a, /?}. 

The inequality p.lOp gives the uncertainty relation in terms of the Tsallis entropies for two generalized measure- 
ments. In spirit and origin, it is like to the relation via the Renyi entropies (|3.7p . Note that relations in terms of the 
Tsallis entropies have been considered for particular cases of the position and momentum [38|, ^] and the spin- 1/2 
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components [40|, |4l| . It is of some interest to get a state- independent version of (|3.10l) . Since the function In^ x is 
increasing for ^ > 0, g{M,Af\p) < f{M,Af\p) and 

f{M,U\il>) < max|||M|/^Ny^||^ : M, e M, e = f{M,U) , (3.11) 
we have the state-independent bound 

Ha,{M\p) + Hp{Af\p) > ln^(/(X,AA)-2) . (3.12) 

Note that J{M,N) < 1 is provided by ||My^N^^/^||^ < ||M,||oo ||Nj||oo < 1. Here the inequahty on the left is a 
Cauchy-Schwarz inequahty for ordinary matrix products and the spectral norm (see, e.g., the result (4.50) in j42i] ) 
and the inequality on the right follows from the completeness relation. The inequality f{Ai,J\f) < 1 is saturated if 
and only if for some two elements Mq, Nq and nonzero € H there hold MoVg = Vo ^^'^ ^o'Po ~ Vo simultaneously. 
In other words, f{M,J^) = 1 implies that there exist those operators Mq G Ai and Nq G A/" that act as commuting 
projectors in a nonempty subspace K-q C T-L. Otherwise, the entropic bound in the relation (|3.12[) is nontrivial. So, we 
have extended the relation, conjectured in [43| and later proved in Q, to the Tsallis entropies and general quantum 
measurements. Let us consider two concrete examples of specific interest. 

Example III. 4. The first example is a pair of complementary observables in a d- level system (for the Renyi formulation, 
see [37|). Let complex amplitudes Ck and ci be connected by the discrete Fourier transform 

and the corresponding probability distributions pk = |cfcp and qi — |cip. The transformation p.l3p is the "canonical" 
example that leads to complementary observables |43|. It follows from ||c||2 = ||c||2 and p.2p that 

l|c|U<^ ||c||., ||c|U<^ ||c|U, (3.14) 



where l/a + 1/& 1 and 1 < < 2. Squaring, we get ||q||„ < (l/d)(i-'^)/'3||p||/3 , ||p||„ < (l/d)(i-'3)//3||q||^ under 
the conditions on a and /3 from Lemma IIII.2I In its symmetric form, the uncertainty relation in terms of the Tsallis 
entropies is written as Ha{pk) + His{qi) > In^ d , where 1/a + 1/ (3 = 2 and p = max{a, /3}. 

Example III. 5. The angle and the angular momentum can similarly be treated. Taking one and the same size 
dip for all the angular bins (i.e. the ratio 2?:/ Sip is a strictly positive integer), we introduce probabilities 

Pk^ / rf¥'l*(¥')l' , qi = \ci? , (3.15) 

where the coefficients q's are related to the expansion ^'(</j) — (27r)^^/^ ^^"^^^ c; exp(i / (p), with respect to the 
eigenstates of the J^. Using theorem 192 of the book [30l| for integral means and assuming /3 < 1 < a, we have 



S^JkS^ \ovJkS 



k+l)Scp \ >^ 

d^l^M'] (3.16) 



and the inversed inequality with a instead of /?. Summing these inequalities with respect to k and then raising them 
to the powers 1//3 and 1/a respectively, we finally write 

11*112 < ^^(i-«//^||p||^ , 5^(i-")/-||p|U < 11*112 , (3.17) 

where the norm ||*||6 — ( /q di^a |*(iy9)|'' ) and b = 2(3, a = 2a. Combining the relations p.l7p with the Young- 
Hausdorff inequalities (see, e.g., section 8.17 in [30l|). which are viewed in our notation as 

(2-6)/b / 1 \ 



we get ||q|U < {6^/27r)^^ , IIpIU < (<5¥'/27r)^' ''^^^||q||^ . ^ So, there holds iJ„((^) + i7^(J,) > ln^{2iT/6ip), 

where 1/a + 1//3 = 2 and /x = max{a,/3}. When p ^ 1, this new inequality in terms of Tsallis' entropies coincides 
with the relation in terms of Renyi's entropies deduced in (37| . 
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Finally, we consider the case of extremal unravelings within the general formulation (|3.10|) . For the extremal 
unravelings A^p^"^ and 2?^*^^' of the super-operators $a and $b, we obtain the entropic uncertainty relation 

+ H^CB^^^^lp) > ln^(5(4-),a3(-)|p)-') , (3.19) 

where the S^""^^ |p) is put by dSH) with Mj = A^A,, = B]Bj- in terms of Kraus operators A, G A'f''^\ 

can also write the uncertainty relation for unravelings extremal with respect to the Renyi entropies. 
Using (|3.7p . for a > 1 we obtain the relation 

R4^''-Z^\p)+M-^'-r^\p) > -21ng(^'i^,^;,25(-)|p) , (3.20) 

where A'^'^^J denotes the unraveling of $a extremal for the Renyi entropy of order a > 1. This unraveling differs from 
the one given by (j2.9l) and also depends on the parameter a in general. A search of explicit analytic expression for 

■A'a^p seems to be complicated, because concavity (convexity) things cannot be used here. Nevertheless, the entropic 
relation in terms of the Renyi entropies holds, as a mathematical inequality at least. 



IV. CONCLUSION 



We have considered the unraveling (i.e. the concrete set of Kraus operators) of a super-operator that is extremal 
with respect to all the Tsallis entropies of a positive order and the Renyi entropies of an order < a < 1. This general 
result is formally posed in Theorem III. II If one of unravelings is given explicitly, then this minimizing unraveling is 
easily calculated by diagonalizing a certain Hermitian matrix. The known relation between the Shannon entropy of 
an ensemble of pure states and the von Neumann entropy of the risen density operator is extended to both the Tsallis 
and Renyi entropies of the mentioned orders. The case of Tsallis entropy allows further extension to a mixture of 
density operators (see the bounds (|2.19p '). Due to Riesz's theorem, there exists an inequality between certain functions 
of the probability distributions generated by two resolutions of the identity (see Lemma llII.2[) . This inequality gives 
an origin for the uncertainty relations, given by (j3.7|) for the Renyi entropies and by Theorem IIII.3I for the Tsallis 
entropies. The general formulation (j3.10l) is a new result in the topic. It has been illustrated within the two interesting 
cases (see Examples IIII.4I and IIII.Sp . In the formulae (|3.19p and (I3.20p . both the entropic uncertainty relations are 
naturally recast for the extremal unravelings of two given trace-preserving super-operators. 



Appendix A: A minimum of the function 

To obtain a lower bound on the sum of Tsalis entropies, we find the minimal value of the function p.9p in the 
domain D such that 0<^<1, 1<C< oo, ( > 7^'^/". When 7 > 1, the curve C — 7^'^/" cuts off the down right 
corner of the rectangle {(f , C): 0<^<1, 1<C< 00} and herewith the point (1, 1) in which (p = (see Fig. 1). In 
the interior of D, we have 

^rh ^ d(j) I , 



9^ 1-a ' dC 1-13 

due to a > 1 > /3. So the minimum is reached on the boundary of the domain D. Using (|Aip . the task is merely 
reduced to minimizing (/'(^,C) on segment of the curve C : C = 7^'^/" between the point (^Oi 1)? where ^0 = 7""^^j 
and the point (1,7). Substituting Q — (C/Co)'^^" in (|3.9I) and differentiating with respect to ^, we obtain 



1 /3 / ^ \ ^5/" 




(A2) 



where we used /3/(l — (3) = a/{a — 1) because of 1/a + 1//3 ~ 2. When ^0 < 1, the quantity (jA2p is strictly positive 
for ^0 ^ ^ < 1 and the minimal value is (j){£,o, 1) = (Co — !)/(! ~ ck) too. 
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